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Abstract
In this study, we modified continuous mathematical model for the dynamics of shigella outbreak at
constant recruitment rate r formulated by (Ojaswita et. al., 2014). In their model, they partitioned
the population into Susceptible (S), Infected (1) and recovered (R) individuals. We incorporated a
vaccinated class (V), educated class (G), exposed class (E), asymptomatic (A) hospitalized class (H)
and Bacteria class (B) with their corresponding parameters. We analyzed a SVGEAIHRB
compartmental nonlinear deterministic mathematical model of shigella epidemic in a community
with constant population. Analytical studies were carried out on the model to: investigate the
existence and uniqueness of solution of the model equations and explore the basic properties of the
model equations (i.e. the positivity and boundedness of solutions of the model). The basic
reproauctive number R, that governs the disease transmission is obtained from the largest

elgenvalue of the next-generation matrix. The disease-free equilibrium points of the model is
computed and proved to be locally and globally asymptotically stable if R, <1 and unstable if R, >1

. A sensitivity analysis of the epidemiological model of shigella epidemic is performed in order to
determine which model parameters are the most important to disease transmission. Finally, we
simulate the model system in MATLAB and obtained the graphical behavior of the variables in the
model. From the simulation, we observed that the shigella infection was eradicated when R, <1

while it persist in the environment whenR, >1.

Keywords: SVGEIAHRB Model, Basic reproduction number, Local stability, global
stability, sensitivity analysis, numerical simulation

INTRODUCTION

Shigella dysenteriaeis a species of the rod-shaped bacterial genus Shigella (Rodriguez,
2022). Shigella species can cause shigellosis (bacillary dysentery). Itis also a genus of
bacteria that is gram-negative, facultative anaerobic, non-spore-forming and non-motile (Hale,
1996) and genetically closely related to £. coli. The genus is named after Kiyoshi Shiga, who first
discovered it in 1897 (Yabuuchi, 2002). The causative agent of human shigellosis, Shigella causes
disease in primates, but not in other mammals (Ryan & Ray, 2004). It is only naturally found in
humans and gorillas (Pond, 2005). During infection, it typically causes dysentery (Mims et. al.,
2004). Shigella is heat sensitive and unable to survive dairy processes such as pasteurization and
cooking temperatures.

Shigellosis is an infection of the intestines caused by Shigella bacteria (CDC, 2016). It is an
acute infection which lasts for about 7 days in adults but may persist for longer and be more severe
in infants and children. Death is more likely in children younger than 5 years. Abdominal pain,
vomiting, diarrhea and fever are the main symptoms similar to other forms of gastroenteritis and
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enteritis. Bloody diarrhea is a common distinguishing feature in shigellosis compared to similar
bacterial infections like salmonellosis.

Mathematical model literatures

(Ojaswita et. al.,2014) developed a continuous mathematical model for shigella diarrhea
outbreak. According to the pathogenesis of shigella, they partitioned the population into Susceptible
(S), Infected (I) and recovered (R) individuals. They computed the disease-free equilibrium state

and the basic reproduction number R,such that R, <0 indicates the possibility of shigella diarrhea

eradication in the community while R, > 0 represents uniform persistence of the disease. They also

carried out numerical simulation with data that is based on demographics and disease outbreaks in
Botswana which showed the variation of the population in different situations.

(Ebenezer & Patience, 2019) developed a compartmental mathematical model of (SITR) to
investigate the effect of saturation treatment in the dynamical spread of diarrhea in the community.
Their mathematical analysis showed that the disease free and the endemic equilibrium points of the
model exist. They also showed that the disease-free equilibrium is locally and globally asymptotically

stable if R, <1 and unstable if R, >1. Numerical simulation results showed the effect of saturation

treatment function on the spread of diarrhea. Efficacy of treatment also showed a great impact in
the total eradication of diarrhea epidemic.

(Hailay et. al.,2019a) developed and investigated dysentery dynamics model with
incorporating controls. The system is considered as SIRSB deterministic compartmental model with

treatment and sanitation. They obtained the threshold number R, such that R, <0 indicates the

possibility of dysentery eradication in the community while R, >0 represents uniform persistence

of the disease. They used Lyapunov-LaSalle method to prove the global stability of the disease-free
equilibrium. Moreover, they used geometric approach method to obtain the sufficient condition for

the global stability of the unique endemic equilibrium forR, > 0. They carried out numerical

simulation to justify the analytical results. They presented graphical results and discussed
quantitatively. They found out that the aggravation of the disease can be decreased by using the
constant controls treatment and sanitation.

Mathematical formulation

In this section, we formulate and analyze a mathematical model of Shigella disease. The
modeled populations include humans and pathogens. The human population is subdivided into eight
classes. These classes of individual are: Susceptible(S), Vaccinated (V), Education campaign (G),
Exposed (E), Asymptomatic (A), Infected (I), Hospitalized (H) and Recovered (R). The pathogen
population (concentration of shigella dysenteriae) is represented by B. The formulation of the model
is based on the following assumptions:

Assumptions of the model
i. the recruitment is through birth only and it is constant.
ii. all individuals are born susceptible.
iii. an individual can be infected through contact with the infectious individuals’
faeces and contaminated water or food.
iv. infected individuals die either naturally or due to the disease.
v. vaccination is strictly on susceptible adult and susceptible children between the ages
of 4 to 7years.
vi. Vaccinated individuals move back to the susceptible class when they lose immunity due to
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the vaccine.

vii. there is no permanent recovery.

viii. there is homogenous mixture in the population.

ix. the recruitment of bacteria in the environment is constant.

X. Humans and primate animals are the only source of pathogens.

xi. pathogen population in the environment diminishes through natural death and
environmental contamination.

xii. environmental sanitation will be enforced so that shigella pathogen death can be
approximated to be constant at a rate o ;.

Flow diagram of the model with constant control
We demonstrate the dynamical transfer of the population with the flow diagram in Figure 1

below a,(1- R

. dR P }_{ﬁ S

X >
r nV
S

HG

Figure 1. A schematic representation of flow of individuals (solid lines) among states and
flow of pathogen in the environment (dotted lines) for the environmental infect
transmission system (EITS) of the modified model.

Table 1: Description of the variables of the models

Variables Description
Number of susceptible individuals at time ().
V(1) Number of vaccinated individuals at time ().
G(t) Number of educated individuals at time (t).
E(t) Number of exposed individuals at time (1).
A(t) Number of asymptomatic individuals at time (t).
I(t) Number of infected individuals at time (t).
H(t) Number of hospitalized individuals at time ().
R(t) Number of Recovered individuals at time (t).
B(t) Number of bacteria in the environment at time (t).
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N, (t) The total human population size at time (1).
Table 2: Description of the parameters of the models
Parameters Description
The recruitment rate.

m The vaccination rate at which the susceptible individuals move to the

vaccinated class.

n The vaccine immunity loss rate at which the vaccinated individuals
move to the susceptible class.

f The education rate at which the susceptible individuals move to the

educated class.

e The recovering rate at which the educated individuals (who failed to
adhere to the education they received) moved back to the susceptible
class.

r The rate at which the hospitalized individuals moved to the recovered
class.

0 The rate at which the infected individuals moved to the hospitalized class.

n The rate at which the asymptomatic individuals moved to the recovered

class.

H The natural death rate.

d, The death rate due to the disease in the infected class.

d, The death rate due to the disease in the hospitalized class.

@ The proportion of the recovered individuals who moved to the educated

class at a rate ;.

1-9) The proportion of the recovered individuals who moved to the
susceptible class at a rateca, .

q The proportion of the exposed individuals who moved to the infected class

ataratew.

@-q) The proportion of the exposed individuals who moved to the

asymptomatic class at a rate.

w The incubation rate (rate at which exposed individuals, K ), progress to

either asymptomatic class A(¢) or infected [{)).

v The rate at which the asymptomatic individuals moved to the hospitalized

class.

P The recovering rate at which the infected individuals moved to the
recovered class.

K The concentration of Shigel/a in the environment that yields 50% chance
of catching dysentery diarrhea (Berhe et. al., 2019).

A The force of infection in the human to human interaction.

Ag The force of infection in the environment to human interaction.

B, The transmission rate of shigella for the infected individuals due to human

to human interaction.

B, The transmission rate of shigella for the asymptomatic individuals due to

human to human interaction.

Bs

The transmission rate of shigella for the hospitalized individuals due to
human to human interaction.
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B The ingestion rate of shigella by human from the environment.

& Shigella pathogen shedding rate for the infected individuals.

) Shigella pathogen shedding rate for the asymptomatic individuals.

v Shigella pathogen shedding rate for the hospitalized individuals.

o, Shigella pathogen growth rate.

o, Shigella pathogen natural death rate.

o, Death rate of shigella pathogen due to environmental decontamination.

Equations of the model

((jj—f=7r+nV+eG+a2(1—¢)R—(/lh+/18)S—(m+f+/1)3 (1)
d—V=mS—(n+y)V (2)
dt
‘Z—fz 1S + oy R — (e + )G (3)
dE
E:(zh +15)S — (0 + u)E (4)
dA
gp = A DeE (7 +y + A (5)
%:qa)E—(6+p+dl+,u)l (6)
(L—T:HI +yA—(r+d, + u)H (7)
drR
e rH + A+ pl —a, R —a,(1-$)R - 1R (8)
dB
H=5I +0A+MH + (o, -0,—-0,)B 9
N=S+V+G+E+I+A+H+R (10)

S(0)=S,>0,v(0)=V,>0,E(0)=E, >0,G(0)=G,>0,1(0)=1,>0,A0)=A, 20,
H@O)=H,>0,R(0)=R, >0, B(0)=B,>0.
The force of infection for human to human interaction (4,) and the force of infection for
environment to human interaction (4, ) are (11) and (12) respectively:

/1h :ﬁll +182A+:B3H (11)
_ PsB
t =B (12)
BsB
10:ﬂ1|+ﬁ2A+ﬂ3H +m (13)

Where K is the shigella concentration that yields 25 — 50% chance of catching dysentery diarrhea
(Cabral et. al., 2010). B,, B, and B, are human to human interaction while f; is the ingesting rate
of shigella from the contaminated environment. Infected humans contribute to the concentration of
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shigella at a rate of ¢ , asymptomatic humans contribute to the concentration of shigella at a rate of
o and hospitalized humans contribute to the concentration of shigella at a rate of y .The pathogen

population is growing at a rate 0, natural death rate 0, and death rate of shigella pathogen due

to environmental decontamination is 03;. We assume that o, -o0,-0,>0 o,>0,+0,

represents the net death rate of the pathogen population in the environment (Bani-Yaghoub et. al.,
2012).

MODEL ANALYSIS
Existence and uniqueness of solution for the model
Consider the initial value problem (IVP)

y' =1t y) ylt)=Y, (14)
whose solution exist and unique.

In this subsection, we shall establish conditions for the existence and uniqueness of solution for the
system of equations.

Let y' = f(t,y)=f(y) (15)
such that

filt,y)=f(y)=f,=7+nV +eG+a,(1-¢)R —(ﬂll + B,A+ BH + fiBBJs —(m+ f +u)S (16)
fz(t1 Y)= fz(Y): f,=mS—(n+uV (17)
f3<t’ Y)= fs(y): fy=1S+aR-(e+u)G (18)
f4=[ﬂll + B,A+ SH +&j8—(a)+,u)E (19)

K+B

fs =1-q)E-(m+y +w)A (20)
fe =quE—-(0+p+d, +u)l (21)
f, =0 +yA—(r+d, + x)H (22)
fs =rH+7A+ pl —a, R -, (1-¢)R— 1R (23)
fo=e +A+MH +(0,—0,-0,)B (24)

Theorem 1: (cauchy-lipchitz theorem)
Consider the initial value problem (IVP)

V= f Y Yo Yer - oY) W)=Y Valte)= Ve, Valte)=Yare - s Valto)= Y, (25)
Let R denote the region

|t_t0| < a,||y— YO” <b,y= (y11y2' Yare + w yn)l Yo = 3/10!)/20'y3O EREEREY yn0 / (26)
Suppose that f (t, y) satisfies the Lipchitz condition

[Tty = T Yo SL[Yn = Yaul (27)

whenever the pair (t,y,)and (t,y, ;)belong toR, where L is a Lipchitz positive constant, then
there exist a constant nhumber 6 > 0 such that there exists a unique continuous vector solution

y(t) of the system (14) in the interval|t —t,| < & .
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of.
It is important to note that condition (16) is satisfied by the requirement that—-,

Vi, j =123,

i

.,n are continuous and bounded in the regionR .

of,
Lemma 1. If (t,y) has continuous partial derivative —- on a bounded closed convex domain

R, then it satisfies a Lipchitz condition in R.

We are interested in the region

1<e<R

We look for a bounded solution of the form
O0<R<o.

We shall prove the following existence theorem.

j

(28)

(29)

Theorem 2. Let D’ denote the region defined in (27) such that (28) and (29) hold. Then there
exist a solution of model system (16)-(24) which is bounded in the region D’ .

Proof:
From (16)

z—?=ﬂ+nV+eG+a2(1—¢)R—(m+ i +/,¢)S—(ﬁ1| + S, A+ B H + ”

Let = 1,0, = £,.9)

f,(t,S)=7+nV+eG+a,(l-g)R—(m+ f +,u)S—(ﬁ1I + A+ fH 4

a1:1 ﬂBB fl
—\=|-| B + f,A+ B,H + +m+f + =
25 (ﬁ1 B A+ Py K+B ﬂ)<00 EY,
of of of
a—;\=|—ﬂ23|=ﬂ23<00,a—|1=|—ﬂ18|=ﬂ18<00,a—|_1|
o _| KBS | KBS
B| | (K+B)?| (K+B)?
From (17)
dv
—=mS —(n+ u)V
pm (n+ u)

dv

Let E =f,(ty,)=f,(tV)
f,(t,V)=mS —(n+ ©)V
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%=m<oo,af2 =|—(n+,u)|=n+,u<oo,%=0<oo,%=0<oo,%=0<oo,
0S oV oG oE oA
%=0<oo, o, =0<00,%=0<oo,a—f1=0<oo

ol oH R oB

Similarly, we can also show that the remaining equations satisfy Lipchitz conditions.
This completes the proof.

Since all f, and their partial derivatives of the model equations with respect to each
dependent variables (i.e. S, V, G, E, A, I, H, R and B) are continuous and bounded in the interval

0 < R <ooby Lemmal, there exists a unique solution of (16) to (24) in the regionR .

The positivity of solution of model
Theorem 3:
Let the initial values of the parameters be

{S(O) =5,>0,V(0)=V,20,E(0)=E,>0,G(0)=G, >0, 1(0)=1,=>0, A(0)=A, =0,
H(0)=H, >0, R(0)=R, >0, B(0)=B, >0} eR’.

Then, the solution set{S(t) ,V (t),E(t),G(), 1(t), A(t),H(t),R(t), B(t)}of the system (1) to
(9) is non-negative for all t > 0.

Proof
From (1)

?j_‘:’:n+nv +eG+a,(1-g)R—(m+ f +/,z)S—[/31I + B, A+ B H + BB ]3

K+B

It follows by comparison theorem that
dsS f.B

2> I+ LA+ BH+-2—+m+f+uS
dt [ﬂ1 BoA+ B, K+B ,uj

Solving (30) with the aid of separation of variables, we have

(30)

ds 5.B
?2—(ﬂll +B,A+ BH + KiB

+m+f+y]dt

ds B
J'EZ—J.(/)QI +,[32A+ﬂ3H+KﬁiB+m+f+yjdt

Integrating (31), we have

—(ﬂll+ﬂ2A+ﬂ3H+£BB +m+f+y]t

S(t) > S(0)e +8

(31)

>0

From (2)

dv

—=mS —(n+ u)V
pm (n+ p)

dv
i ~(n+u) (32)

Solving (32) with the aid of separation of variables, we have
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(i/—v > —(n+ u)dt

., _
I v > I(n + u)dt (33)
Integrating (33), we have
V() 2V (e
V(t) =V (0)e ™' >0
Similarly, we can show thatG(t)>0, E(t)>0, A(t)>0, 1(t)>0, H(t)>0, R(t)>0andB(t)>0.
This completes the proof.

n+y dt

The boundedness of solutions of the model
Theorem 4:
The closed set

(S.V,G,E,Al,H,R,B)eR?:S+V+G+E+A+I+H+R+B=N,;
w(e+0+y) (34)
p(o, +03-07)

Q=(Qh;QB)=

0<N,(t)<Z:0<B(t) <
U

is positively invariant.

Proof
From the model equations (1) to (9), the total population is given by
N,=S+V+G+E+A+I+H+R (35)

Differentiating the total human population N, (t)in (35) with respect to timet, we have

N, 65 0V dG dE G dl dH GR )

dt dt dt dt dt dt dt dt dt
Substituting the differential equations (1) to (8) in (36), we have

dN,
F—”—ﬂS—ﬂV—ﬂG—ﬂE—ﬂA—M—,UH—,UR—dll_dzH (37)
dN,

i =r-u(S-V-G-E-A-1-H-R)-d,l-d,H 38)
Substitute (35) in (38), we have

N

dd—chﬂ' (N, —d, 1 —-d,H (39)

In the absence of shigella pathogen, there is no death due to shigella pathogen (i.e. d, =0,d, =0
) then (39) becomes

dN

a7

dN

dth L= (40)
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LE —el ™ _en (41)
Multiply both sides of (40) by (41)

dN
e’ dth +uN, e* = e (42)

Equation (42) becomes
limN, (t)=limZ + Clime ™ = limN, (t)= = + C(0)
U

t—o t—o 7] t—o t—o
limN, (t)=2= (43)
t—wo IL[

This result implies that if there is no disease, N, = E. It also means that we have a steady state
U

population. Therefore, the feasible solution set of the population of the system (40) exist in the
region

Q, ={(SV.G,E,AlLHR)ER:S+V+G+E+A+1+H+R=N, >0,0<N,(t)<”
u
Similarly, considering equation (9) in the system of equation (1) to (9)

((jj—?=gl +oA+MH (o, +0,—-0,)B

Let the total shigella pathogen population be B(t) . We have

?j—?:gl +0A+H —(o, +o, +0,)B

i—?ﬁ(8+5+y)Nh—(O'l+0'2+0'3)B (44)

Put equation (43) in (44), we have

d—BS(8+5+7/)£—(02+03—O'1)B
dt u

d—Bﬁ-(O'2 +0, —Gl)BS(8+§+}/)£
dt H (45)

_ j(02+03—0'1)dt __(op+oz—op)t
I.F=e =e (46)

Multiply both sides of (45) by (46), we have

E e (0'1 +0,+03 )t
dt

< (8+ o+ 7/)E plortortas)t

01+0,+03 )t

+(0'1 +0,+0, )Be(

d V4
2 Be(0'2+03—0'1)t < 5+5+ _e(02+0'3—0'1)t
ol ls@+oen

e(0'2+0'3—0'1)t +C

J’d I:Be(52+0'3_0'1)t:|S (g + 5"‘ }/)zje(02+03—51)tdt + C Be(o'2+o'3—o'l)t < 7[(8 + 5 + 7/)
a p(o, +o,—0y)
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limB(t) < lim—E 07 ¢ ime torresan
o o= y(o, + 0, —0,) -
0<B(t) < n(e+d+y)
,U(O'z + O3 _0-1) (47)

provided that o, + o, > o,

Therefore, the feasible solution set of the shigella pathogen population of the system
(45) exist in the region

Q, :{B(t) eR!:0<B() s”(“M}
plo, +0,-0y)
Thus, the feasible set for the modified model system (1) to (9) is given by
(S,V,G,E,AI,H,R)eR*:S+V+G+E+A+I1+H+R=N,,
e+ +y)
(o, + oy —0oy)

(48)

Q:(Qh;QB):

0<N, (t)<Z;B(t)eR' :B=N,,0<B(t) <
y7i

This is a positive invariant set of the model which shows that the model is both biologically and
mathematically meaningful in the domain Q = (Q,;Q;)

Disease-free equilibrium points of the model

The equilibrium points of the system of non-linear ordinary differential equation are obtained by

setting the derivatives of the model equation to zero (0).
(ieds_dv_de_dE_dA_m_dH_dR_dB_ J

dt dt dt dt dt dt dt dt dt
Thus, at equilibrium point, the system of equation (3.1) to (3.9) becomes

7+0V° +6G° +a,(1-gR —(m+ f +u)S°

—[ﬂll°+ﬂ2A°+ﬂ3H°+ﬁ]3°=o )
K+B*

mS° —(n+uN°=0 (50)
fS° +agR” —(e+u)G° =0 (51)
[ﬁll°+ﬁ2A°+ﬁ3H°+ Z1) ]3°—(a>+y)E° (52)

K+B*

(L—q)wE" — (7 +y + u)A =0 (53)
quE* —(0+p+d, +u)l° =0 (54)
A +yA —(r+d, + u)H =0 (55)
H +7A° + pl° —(a, 9+, (1-¢)+ u)R* =0 (56)
ad°+oA° +H° —(0,-0,—0,)B" =0 (57)
At disease-free equilibrium (in the absence of infection), there will be no exposed individuals
E°=0 (58)

Substitute (58) in (53), we have
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A°=0

Substitute (58) in (54), we have

I°=0

Substitute (59) and (60) in (55), we have
H°=0

Substitute (59), (60) and (61) in (56), we have
R°=0

Substitute (59), (60) and (61) in (57), we have
B°=0

Substitute (62) in (51), we have

fS° —(e+u)G° =0

Similarly, substitute (59), (60), (61),

(62) and (63) in (49), we have

7+0V°+eG —(m+ f +u)S° =0

From (50),
mS® —(n+uN° =0
m
V° = S’
n+ u

Substitute (66) in (65), we have
7+ 516G —(m+f4u)S =0
N+ u
From (64)
N
e+ u
Substitute (68) in (67), we have
re Mg, o g —(m+f+u)s°=0
N+ u e+u
rle+un+p)
(me+f 4+ p)e+ u)n+ pe)-mn(e + ) -ef (n+ )
Substitute (69) in (68), we have
fin+u)r

M+ +u)e+u)n+pu)-mnle+u)-ef(n+u)
Similarly, substitute (69) in (66), we have
m(e+ i)z
S (m+ 4 )+ p)(n+ ) —mn(e+ u)—ef (N+ 1)
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(59)
(60)
(61)
(62)
(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

Therefore, the disease-free equilibrium point is denoted by E’ :(S°,V°,G°,E°,A°,I°,H°, H°,R°)

wle+u)n+4)

m(e+ u)z

(m+f +p)e+u)n+p)-mn(e+u)-ef (n+p)
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(m+f +pu)e+u)n+pu)-mne+u)-ef (n+u) (m+f+u)fe+u)n+pu)-mnle+u)-ef(n+p)

f(n+pe 0,0,0,000

(71)
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Computation of the basic reproduction number R,

The basic reproduction number R, is the average number of new infections that one infected case

will generate during their entire infectious lifetime (Nelson & Williams, 2013), (Addo, 2009),
(Heffernan et. al., 2012).

It is very important in determining whether the disease persists in the population or die out.
We use the next generation matrix to compute the basic reproduction number R, which is
formulated in (Van den Driessche & Watmough, 2002). Let us assume that there are n
compartments of which the first m compartments correspond to infected individuals.
Let
o F. (y)be the rate of appearance of new infections in compartmenti,

* V," (y) be the rate of transfer of individuals into compartment i by all other means, and

 V.”(y) be the rate of transfer of individuals out of compartmentsi .

It is assumed that each function is continuously differentiable at least twice in each variable. The
disease transmission model consists of nonnegative initial conditions together with the following
system of equations:

Yo f() =RV, 1128, . 72
whereV, (y) =V, (y) -V, (¥). (73)
(ﬂh + 5 )S (a) + ﬂ)E
d 0 (n+y +u)A-({L-q)oE
a=F—V: 0 |-| (B+p+d,+u)l-qeE
0 (r+d, +u)H -0 —yA
0 (02 +03—01)B—5I -0A-H
1
oF oV,
Ry=plFVt)=pl| | | (74)
° an = ayj g0

where F are the new infection transfer terms and V is the non-singular matrix of the remaining
transfer terms. The basic reproduction number R, of the model (1) — (9) is calculated using the next

generation matrix (Van den Driessche & Watmough, 2002). In using their approach (Van den
Driessche & Watmough, 2002), we have:

: 0
0 ps ps ps P A A
c_(oR] |00 000 et 0 0 0 o0 (75)
il )| o 0o 00 00 0 0 O
0 0 0 0 0
0 o0 o o 00 0 0 0
BsS”

Letyl :ﬁzsol Y2 zﬁlS", Ys ::8380 and y4=P30= K
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0+u 0 0 0 0
~(-qo pry+u 0 0 0
. V=l - 0 d 0 0
Similarly, 4o Oprd
-y -6 r+d,+u 0
0 -0 - -7 0,+0,-0,

|V| =T,s =P,P,PRP,

T, 00 0 0
L1 000
\ =M-AdJV:>v-1=T—. T, 0T, 0 0 (76)
. T4 T7 T10 TlZ 0
T5 T8 Tll Tl3 Tl4

Substitute (75) and (76) in (74), we have

TZ yl +T3 y2 +T4 y3 +T5 y4 TG yl +T7 y3 +T8 y4 T9 yZ _l_TlO y3 +T11y4 T12 y3 +T13 y4 Tl4 y4
T15 T15 Tl5 T15 TlS T15 T15 TlS T15 Tl5 T15 T15 T15
i 0 0 0 0 0
' 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
TodeYe To¥e (Ta¥s (Ts¥e ¢ Te¥o To¥s To¥e o To¥o Two¥s TuVs,
T15 T15 T15 T15 T15 T15 Tl5 T15 T15 T15
T Tdep Tl
T15 Tl5 T15
T16 Tl7 TlB T19 TZO
0 0 0 0 0
FV'={0 0 0 0 0
0 0 0 0 0
0o 0 0 0 o)
T16 ﬂ’ T17 T18 T19 T20
0 -4 0 0 0
Fvi-all=| 0 0 -2 0 0[=04(Tu-4)=0=T-2=0=2=T,
0 0 0 -4 0
0 0 0 0 -4
=p(FV)=R =T, =+TT2y1 n T;yz n T;_y3 n T;y“
15 15 15 15
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R _T2y1+T3y2 +T4y3+T5y4
)=
T15 T15 T15 T15
R . (-dups | q@p;S’ =)0+ p+d, + ply +(n+y + plod) ;S
+y +uo+u) O+p+di+ufo+u)  (+y+up)0+p+d+ufr+d,+ufo+p)

Q- q)o((O+ p+dy + )y +(r +d, + 2)5)+ (17 +y + p1)qeo(y +(r +d, + p)e))BsS’
K@ +y +uf0+ p+d, + u)r +d, + u)o, + 03— 0 o+ p)
The local stability analysis of the disease-free equilibrium
To examine the local stability of the disease-free (E) equilibrium, we obtain the Jacobian matrix
by differentiating the functions(f,;i =1,2,3,. . .,9) partially with respect to the variables in the

system of the modified equations. The Jacobian matrix from the partial derivatives of (1) to (9) at
disease-free (J Ee) is given by:

+

- PlO n € 0 Pze - I:)27 - st I37 - P30
m P, 0 0 0 0 0 0 0
f 0 -P, 0 0 0 0 Ps 0
0 0 0 _Pl3 Pze P27 st 0 Pso
Jo.=| O 0 0 P -P, 0 0 0 0
0 0 0 P, 0 -P, 0 0 0
0 0 0 0 74 0 - P 0 0
0 0 0 0 n Yo, r -P, 0
0 0 0 0 o & /4 0 - R
where P, =(1-q)w, P,=n+w+u, P,=qw, P,=0+p+d, +u, P,=r+d, +u, P, = a,¢,
,P,=0,+0,-0,, P, :ﬂ1|*+ﬂ2A*+ﬂ3H*+%,Pﬂ, =m+f+u,P,=n+u,
_ hc b _per b g p PSS _
y Pa=wtp, P =p,5", Py =S’ Py =p;S", Py = K =Y P31—a1¢+a2(1—¢)+/1
Py -2 n € 0 —Py —Py —Py P, —Py
m -P, -1 0 0 0 0 0 0
f 0 -P,-2 0 0 0 P, 0
0 0 0 -Py-1 Py P, Py 0 Py
0. -af=| o0 0 0 P -P,-2 0 0 0 |=0
0 0 0 P, 0 -P, -2 0 0
0 0 0 0 v 0 -P, -1 0 0
0 0 0 0 n Yol r —Pyy -4 0
0 0 0 0 ) £ 4 0 -P,-1
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- P13 -1 Pze P27 st P30
P, -P,-4 0 0
(P + A mn(Py +A)+(Py + A)ef (P, +A)NPy +2)] P, 0 -P, -1 0 0 [=0
0 % 0 )
0 o & 4 -P -1

Py +A=0=1=-P, = 4 =—(a,p+a,[l—p)+ p)

mn(P12 + i)+ (Pll + /1)(9f - (P12 + /1)(P10 + l)) =0

MNP, +mnA + (P, + A)ef —(PoP, +(Py + P, )A)+ 42)=0

mnplz +mnA +efpn - PlO PllPlZ _(Plo + Pl2 )P11/1 - I311/12 +efl - PlO Plz/1 _(Pm + PlZ )}“2 _’13 =0

/13 +(Pn + PlO + Plz)lz +(P11(P10 + P:I.2)+ P10P12 —mn —ef )/1"' P10P11PlZ _mnplz _Efpll =0 (77)

We applied Routh-Hurwitz criterion for stability to investigate the stability of (77).
a, = 1, a = (Pll + PlO + Plz)l a, = Pll(Plo + P:I.2)+ P].OP:LZ —mn —ef 183 = PlOPllplz _mnplz _efPll
For order one,
Al=a =P, +P,+PF,>0
For order two,
a, A’ +a,A+a, =0
a, 4

A, =
a, a,

= A, =a,a, —a,3,

A, =a,a,—a,a; >0=a,a, >a,

Az = (Pll + PlO + P12 )(Pll(PlO + P12)+ P10P12 —mn _ef)_(PloPnPlz - mnPlZ _Efpll)> 0
iff (Pll + P + PlZ)(Pll(PlO + P12)+ PP, —mn —ef ) > PPy, —mnR, —efR,;

For order three,

a, A’ +a’ +a,A+a, =0

a a, O
A,=la, a, a|=A,=a(a,a,-aa,)-a,(a’-aa,)>0
a, a, a,

a,=1,4a,=0,a,=0
A,=a,a,a, —a2>0=a,(aa,-a,)>0 = a,a, >a,

P,+P,+P, 1 0
As = PlO I:)11P12 - mnplz - efPll Pll(Plo + I312)"' PlO I:)12 —mn —ef P11 + PlO + P12 >0
0 0 PlO P11P12 - mnplz - efPll

A3 = (Plo P11 PlZ - mnPlZ - ean )((Pll + PlO + PlZ )(Pn(Plo + P12 )"’ PlO PlZ —mn—ef )_ (Plo P11 P12 - mnPlZ - efpll )) >0
iff (Plo I311 P12 - mnPlZ _efpll )((Pn + PlO + I312 )(Pn(Plo + I:)12 )"‘ PlO P12 —mn —ef )) > (Plo P11 I:)12 - mnplz - ean)
Similarly,
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- P13 -4 Pze I:)27 P28 Pso
P -P-1 0 0 0
P, 0 -P-12 0 0 [=0
0 W 6 -P-1 0
0 o & % -R,-2

’15"'[Pz+P4+P5+P13+P8]A4+[Plp26+P3P27+P2(P4+P5+P13+P8)+P4P5+(P4+P5)(|313+P8)+Plsp8]/13
+[yP Py + Plpze(P4 +R + Ps)+5PlP30 — PPy — P3P27(P2 +R + PS)—5P3P20 + P4P5(PlS + Ps)
+ PlsF';a(P4 + P5)+ PZ(P4P5 +(P4 + Ps)(P13 + Ps)"' Plsps)]ﬂz + [P Py, (P, + B)+ iR Py,
+ P1P26(P4(P5 + P8)+ P5P8)+a:)1P3O(P4 + PS)—QD3P28(P2 + PS)—HyP3P20 - P3P27(P5Ps + Pz(Ps+ Ps))
_‘9P3P20(P2 + P5)+ PR RP; + Pz(P4P5(P13 + P8)+ P8P13(P4 + Ps))]ﬁv + YR PP Ry
+ B PP R R + R P PR + PR R PR — PP P R, — O Py P, — PP, PR Ry
— PP, PP =0 (78)
We also adopted Routh- Hurwitz criterion for stability to investigate the stability of (78).
a, A +a At +a, +al +at +a, =0
a,=1>0
a=P,+P, +P,+P;+F, >0
a, = RPs + PP, + Pz(P4 +P+ P+ Ps)"' PP +(P4 + Ps)(P13 + Pa)"‘ PP >0
as :Wplpzs + P1P26(P4 + I35 + P8)+5PlP30 —333P28 - P3P27(P2 + Ps + Pa)_ép3pzo + P4P5(P13 + Pa)
+ P:I.3P8(P4 + Ps)"' Pz(P4P5 +(P4 + PS)(P13 + Ps)"‘ P:I.3P8)> 0
a, =WP1P28(P4 + P8)+'//7’P1P30 + P1P26(P4(P5 + P8)+ P5P8)+5PlP30(P4 + PS)—Q:’3P28(P2 + Ps)
_97P3P20 - P3P27(P5P8 + Pz(Ps + PS))—8P3P20(P2 + Ps)"_ P4P5P8Pls
+ Pz(P4P5(P13 + P8)+ P8P13(P4 + Ps))> 0
Iff WP1P28(P4 + P8)+‘//7’Plpao + |31P26(P4(P5 + P8)+ P5P8)+5PlP30(P4 + P5)+ PP PP
+ PZ(P4P5(Pl3 + Ps)+ P8P13(P4 + PS))P1P28 > ﬂ33P28(P2 + Ps)_e?P3P20 - P3P27(P5P8 + Pz(Ps + Ps))
_5P3P20(P2+P5)
as = WP1P28P4P8 + P1P26P4P5P8 +5F’1P30P4P5 + P2P4P5P13P8 _aDSP28P2P8 _97P3P20P2 - I:)3F’27F’2Ps|:)8
— PP, P,P, >0
Iff yPPyP,P; + P PP, PP + PPy PPy + PP, PP, Py > PP, P, Ry + OR3P, P, + PP, PR
+ &P, Py Py P
For order one,
Al=a,=P,+P,+P. +P,+F, >0
For order two,
a, A’ +a,A+a, =0
& 8

=A,=a,a,—a,a, >0
a3 az 2 12 03
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(P,+P,+P,+ P, +P,)x
PP. +P.P V/P1P28+P1P26(P4+P5+P8)+a:)1p30_aD3P28
=[] tE —|=P,P,.(P,+P,+P,)-P,P, + P,P.(P, +P,) >0

+P,(P, +P, +P,+P,)+P,P,
P.P,(P, +P,)+P,(P,P, + (P, + P, )P, +P,)+ P,P
+(P4+P5)(P13+P8)+ P13P8 + 13 8( 4+ 5)+ 2( 4 5+( 4+ 5)( 13+ 8)+ 13 8)

For order three,
a, A’ +a’ +a,A+a, =0

a a, O
Ay =la; a, & >0:A3:%(az%_aia4)_ao(a§_aia5)>o
a, a, a,

a,=1,4a,=0,a,=0

For order four,

a, ' +al’+a, 1’ +a,A+a, =0

a,=1,a,=0,a,=0, a,=1

A4 = al{(a4 (azas —aa, ))_as (a§ —aya, )}_ 8 {(3-4 (a32 —a,8; ))—8.5 (azas —ay8s )}> 0
Iff Ay = al{(a4 (azaa — 8,8, ))_as (3-22 — 8,8, )}> 2 {(84 (a?? — &85 ))_ 23 (azas — 8,85 )}
For order five,

a, A +a A +a,A +a, A +a,A+a, =0

a,=1,a,=0,a,=0,a,=0, a,=0

Ag=a.A, >0

The global stability analysis of the disease-free equilibrium

We investigated the global asymptotic stability of the disease- free equilibrium of shigella using
Castillo-Chavez theorem (Castillo-Chavez & Song, 2004). We write the model equations (1) - (9) in
the form:

dX
S =FX.2) (79)
%:G(X,Z), G(X,0)=0 (80)

where X =(S,V,G,R) € R!represents the uninfected individuals and Z = (E,A,1,H,B)eR®
represents the infected individuals. Let E° = (X *,0) represents the disease-free equilibrium point
of the system.

The disease-free equilibrium E’°to be globally asymptotically stable equilibrium for the model, the

conditions (H1)and (H 2)shown below should be satisfied:
H1: Forcjj—): = F(X,0), X" globally asymptotically stable.

H2:Forz—f:DZG(X*,O)Z—G(X,Z),G(X,Z)ZOfor all(X,Z) e, where D,G(X",0)is the

Jacobian of G(X,Z)evaluated at(X",0).
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The equilibrium point E° = (X *,0) of the system (79) and (80) is globally asymptotically stable if
R, <1land the conditions (H1)and (H2)are satisfied.

Proof:

We partitioned the modified model system into two subsystems. These are X =(S,V,G,R) e R?
andZ = (E,A 1,H,B) e R>. From equation (79) and (80) we have two functions: F(X,Z)and

G(X,Z), where

Condition H1:
dS:;z+nV+eG+a2(1—¢)R—[,b’ll+ﬂ2A+ﬂ3H+
dt K+
dv
—=mS —(n+ u)V
?j—?:erAerl—(a1¢+a2(1—¢)+y)R
ds =7z+nV+eG-(m+ f + u)S
dt|.-
av =mS —(n+ u)V
dX dt |-
ar S F0= G|
— =fS—(e+ )G
atl,. (e+ )
aR| _
dt |-

'BBBBJS—(m+ f + u)S

(81)

Therefore, the convergence of the solutions of the reduced system equation (81) is globally

asymptotically stable inQ2.

ConditionH2: dz

£ -G(X,Z2)=

dt

dE
dA

92 _gix0=| 2
dt dt .
dH
dt

dB
dt

More so,
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dt |

dt| .

E°

dE

dt

PsB
(ﬁll + B, A+ fH + <+ B

dA
dt
%:qa)E—(0+p+dl+u)l
d

. =0 +yA—(r+d, + 1)H

JS —(w+ 1)E

=(1-qQ)ewE - (7 +y + )A

c:j—l?:gl +A+MH — (o, —0,—0,)B
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G(X,Z) = AZ -G(X,2)
G(X,Z) = AZ —-G(X,2)

where

oG (., . L A) ,
A=a—z(x ,O)= D, (X ,0) is @ metzler matrix.
Let

dE psB

pr f, =(ﬁll + B,A+ B,H + " i BJS—(aHy)E

dA

P f,=QA-qaE-(n+y + A

%: f,=qoE-(@+p+d, +p)l

dd—lj['= f,=a +yA—(r+d, +u)H

dB

pri fe=ed +oA+H —-(o,-0;,—0,)B

The Jacobian matrix from the partial derivatives of (4), (5), (6), (7) and (9) with respect to the
infected variables at disease-free (A =J ED) is given by:

. . . S
) S s x fe
1+ -(m+y+u) 0 0 0
A=de =l g0 0 O+ p+d,+ ) 0 0
0 74 0 —(r+d, +p) 0
0 ) £ y —(0, +0;-0y)
. . . BsS
Lety, =8,S", ¥, =4S", ¥;=5,5" and y, =Py = T<
_P14 Y1 Y, Ys Ya
P -P, 0O 0 O
:>A=JE°= P3 O _P4 O 0
0 wv 6 -P, 0
0 o £ -PB,
G(X,Z) = AZ -G(X,2)
B:B
-P, yi Y2 Vs Y. \E Bl + A+ B H + S —(w+u)E
K+B
P -P, 0 0 0 |A
A-q)E-(m+y +u)A
=l P, 0 -P, O O |I]|-
qoE - (0+ p+d, + )l
0O w 6 -P. 0 |H
aA+yA-(r+d, +u)H
0 o ¢ 7 ~RAB d+oA+MH —(o,-0,-0,)B
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A B
G,(X,Z)=-P,E+Yy,A+y,l +y,H +y4B—((ﬂll +S,A+ . H + KﬂB BJS—(G)+/J)EJ
+

IR M

K K+B

G,(X,Z)=PE + P,A— (1 q)0E — (7 + v + u)A)
G,(X,2)= (L-Q)0E ~ (7 +y + w) A~ (- Q)E — (7 +y + ©)A) =0
G,(X,2)=P,E—P,I —(qaE — (0 + p+d, + w)1)
G,(X,2)=qaE —(0+ p+d, + 1)l —(Q@E — (O + p+d, + )1 )=0
G,(X,Z)=yA+A —PH — (A +yA—(r+d, + x)H)
G,(X,Z)=O +yA—(r+d, + u)H — (0 +yA—(r+d, + x)H)=0
G.(X,Z)=A+e +H —PB—(d + A+ H — (0, 0, —0,)B)
G.(X,Z)=8A+éd +H —(0, 0, —0,)B—(A+d +H (o, —, —,)B)=0

2:((?(?) (ﬁll+ﬂ2A+ﬂ3H)(S°—S)+(S?—KiB :B
6(x.2)=| &, (x.2)| = &(x.2)= 8

G,(X,2) 0

G.(X,Z) 0
é(X,Z):(ﬂll+ﬁ2A+,6’3H)(S°—S)+[%—KiBJﬂBBZO

G(X,2)20 v (X,Z)eQ, provided thatS* > S .

Sensitivity analysis
The sensitivity indices of the basic reproduction number R,with respect to each parameter in the

extended model equations of shigella infection was analyzed using the numerical values in Table 3
below

Table 3: Parameter values for the shigella model.

Parameter Description Values per day Source
V4 Recruitment rate. 500 (Edward et al., 2018)
m The rate at which the susceptible

individuals move to the vaccinated

class. 0.02 Assumed
n The rate at which the vaccinated

individuals move to the susceptible

class. 0.027 Assumed
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f The rate at which susceptible individuals
move to the sensitized class. 0.7 Assumed
e The rate at which sensitized individuals

(who failed to adhere to the sensitization
they received) moved back to the

susceptible class. 0.42 Assumed
0 The rate at which the infected individuals
moved to hospitalized class. 0.03 Assumed
r The rate at which hospitalized individuals
moved to the recovered class. 0.06 Assumed
n The rate at which the asymptomatic
individuals moved to the recovered class. 0.41 Assumed
U Natural death rate. 0.45 Assumed
d, The death rate due to the disease in the
infected class. 0.02 (Edward et al., 2018)
d, The death rate due to the disease in the
hospitalized class. 0.025 Assumed
q The proportion of the exposed
individuals who moved to the
infected class at a ratew . 0.9 (Edward et al., 2018)
a-q) The proportion of the exposed
individuals who moved to the
asymptomatic class at a ratew . 0.1 Assumed
7 The rate at which Asymptomatic
individuals moved to the hospitalized
class. 0.04 Assumed
yo) The rate at which infected individuals
moved to the recovered class. 0.14 Assumed
K The concentration of Shigellain the
environment that yields 50% chance
of catching dysentery diarrhea 600 Assumed
yoa The transmission rate of shigella for
the infected individuals due to human
to human interaction. 0.095 Assumed
Bs The transmission rate of shigella for
the asymptomatic individuals due to
human to human interaction. 0.075
Assumed
B The transmission rate of shigella for
the hospitalized individuals due to
human to human interaction. 0.055 Assumed
Be The ingestion rate of shigella by human
from the environment. 0.00039 Assumed
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£ Shigella pathogen shedding rate for the
infected individuals. 80
o Shigella pathogen shedding rate for the
asymptomatic individuals. 70
y Shigella pathogen shedding rate for the
hospitalized individuals. 90
o, Shigella pathogen growth rate. 0.73
o, Shigella pathogen natural death rate.
o, Death rate of shigella pathogen due to

environmental contamination.

(Edward et al.,, 2018)

(Edward et al., 2018)

Assumed
Assumed

0.83 (Edward et al., 2018)

160  (Edward et al, 2018)

Table 4: The sensitivity indices of the basic reproduction number R,with respect to each
parameter in R, of the extended model equations of shigella infection.

Parameters Sensitivity indices

R
. U =FRo 7 110000
or R,
. U _Ro M _Pu(=Py) 0097
om R, 4
n g = Ro 0 _ (iR —F(PoPy —mPy —efh_ 5 514
on RO F3 F4
e g = FRe [Py ~Fo(PoPy =Rk 510s
oe RO F3 F4
6f RO F4
oR KP,P,P.P
B, U :_oxﬁ:M:Jro_glol
aﬂl R0 I:1
s, Ut = Fo Be _KBRRRS: _ 4 0568
B, Ry Fy
B; =P By K(BPw +PPORS: _ 60397
aﬂs I:20 Fl
B Ut = o, Fo PPy + PuO)+ PoPs(Br + Rulfis _ g 005
s Ry R
R, K
URO =_0><_
K “ T KR,

_ [PP.RRA, + PP + (PPy + PRI)BR x F, - F x P,RRRR K

=-0.0005

FF,
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{(1 q)B,KP,P,P, + qf,KP,P,P, 1
(L-a)Py +aPOKEP,

q F, - F, xKP,P,R,P, |@
%xﬁ [(1 Q) (‘/’7+P55)+qu(97+ Psg)]ﬂs

o Uk =
oo R, FF,
=+0.5625
H PAERS,  OAFRRR j + [_ P, (W”’ P55)+ P (‘97+ Psg)]ﬂs q
q URe = % 9 _ (_WP4V/+WP26)Kﬂ3P8
" og R, F
=+0.3996
n Uk = R, i [[Kﬂlp3 PP, + KGR R0 + Ps(‘97+ Psg) B]FZ - Fl[KP4 PPy Pla]]77
T on R, F,F,
=-0.0274
W URe = Ry ¥ [[Kﬂ1P3P5P8 +KB,PPP, + KBPRG+PPf, + Py(6y +Pec)y ]Fz - Fl[KPAPSPSHS]]I//
Y oy R, FF,
=-+0.0005805
0 U Zo _ % % i _ [[Kﬂz PPP, +KB,PPyy + KB,P,P.Py + PPy + P1(W+ Psa)ﬁs ]Fz - Fl[KPZ PPPy ]]9
00 R, F.F,
=-0.0145
P UR = R, ﬁ [[Kﬂz PP Py + K, P, Poy + Pl('//7+ P55) B ]Fz B Fl[KPZ PPy ]],0
r 8,0 R, FF,
=-0.2056
d, U _ R, i _ [[Kﬁz P PPy + KG,P Ry + Pl(‘//?"" Psé)ﬂs ]Fz - Fl[KPZ PPy ]]dl
8d1 R, F.F,
=-0.0294
d, UEO R, dz _ [[Kﬂz P.P,F; + KB,P, PRy +(P1P45+ P, Pag)ﬂs ]Fz - Fl[KPZ P,PyPy ]]dz
2 5d Ro F.F,
=-0.0015
r U?O _ %x I _ [[Kﬂz P.P,P + KB, P, PRy +(P1P45+ P P35) B]FZ - Fl[KPZ PP P13]]r
o R, F.F,
=-0.0037
5 Uk _ﬁ iz [KP2P4P5P8]C‘):_O.4375
0o R, F,
p o =Fo, &~ [KPPPRI 44575
de R, F,
, U - Ry ¥ _ —[KP,P,PPy o _ 04375
8}/ R F,
o, Ro _ @ % o1 _ |I_ Kp,P.P,Ps — KPP, PiP; - <P1P4W +P, Ps‘g)Kﬂs]Fz t Fl[KPZ PiPsPss ]]01
0o, R, FF,
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=+0.0002010

o Uk = R, y O, _ [[KﬁZF)lP4 P + KB, P,P,P; + (P1P4‘// +P, Psg)Kﬁs]Fz -F [sz PP PlS]]GZ
? 9o, R, F.F,

=-0.0002286

03 U S_O — a& X ﬁ
* 0o, R,
_ [[Kﬁz PP + KBP,PP + (P1P4‘// +P, P39)K,33]F2 - Fl[KPZ P,RP; ]]03 — _0.0004406
F.F, '
e / I /
) o R u [HE AR R TRERR R
a/u RO F]_ F4 F4 F2

where; F, = K3,P,P,P,P, + KB,P,P,P,P, + PPy + P,P,0)KA,P, + [P,P,(wy + P,8)+ P,P, (6 + P& )]Bs,
F, =5.003962; F, =KP,P,P,P,P, = 27.46617754; F, = P, P,,P,, —mnP,, —efP,, = 0.3448;
F, = 2P,P, = 207.495; F/ = 28.1873319, F/ =171.4656762, F, =5.103 and F, =1.6851.

From the sensitivity analysis, it was discovered that the following parameters have high impact on
the transmission of the diseases. They are: the transmission rate f, of the asymptomatic individuals

and the rate at which the exposed individuals moved to either asymptomatic or infected classw .
Table 4 presented the sensitivity index of the shigella model with respect toR,. The result of the

sensitivity index presented above in Table 4 shows that the recruitment rate 7 has the highest
positive sensitivity index with valueU® =+1.0000 , which indicates that an increase (a decrease) in

the rate 7 by 10% will increase (decrease) the basic reproduction number R, by 10%. Similarly,

increase in the other positive values of the sensitivity indices will increase the basic reproduction
number.
Moreover, the natural death rate of human 4 has the highest negative sensitivity index with

vaIueUi0 =-2.0342 which indicates that an increase in u by 10% will decrease the basic
reproduction number R, by 10% and a decrease in u by 10% will increase the basic reproduction
number R, by 10%.

The conclusion is that the natural death rate of human u has the highest sensitivity index
with valueU? =-2.0342.
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Numerical results

In this section, we carried out the numerical solution of the system (1) — (9) using the Runge-Kutta
order four scheme. The numerical results are shown in Figure 2 and 3. Figure 2, represented the
graph of the model when the basic reproduction number is greater than one and Figure 3,
represented the graph of the model when the value of the basic reproduction number is less than
or equal to one.
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Figure2: The graphical behaviour of the dynamic system (1) — (9) with a given initial
condition and parameter values: when R, =3.8643>1, the endemic equilibrium point is

locally asymptotically stable.

Where 7 =500,m=0.02,n=0.027,e =0.42, f =0.7, B, =0.095, 5, =0.075, 5, =0.055
, K=600, g, =0.00039, ®=0.35,0=0.9,7=0.41,y =0.04,6 =0.03, p =0.14,

d, =0.02,d, =0.025,r =0.06,6=70,£=80,y =90,0, =0.73,0, =0.83,0, =1.60,
#=0.45,0, =0.65,a, =098, ¢=0.029.

T T T T T
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Figure3: The graphical behaviour of the dynamic system (1) — (9) with a given initial
condition and parameter values: when R, =0.0388<1, the disease-free equilibrium point is

locally asymptotically stable.
Wherez =5,m=0.02,n=0.027,e=0.42, f =0.7, B, =0.0095, g, =0.0075, 3, = 0.0055,

K =60, 3, =0.000039, 0=0.35,q=09,7 = 0.41, = 0.04,0=0.03, p=0.14,
d, =0.02,d, =0.025,r =0.06,5=70,£=80, 7 =90, 0, =0.73,0, =0.83,5, =1.60,
1=045,0, =0.65,c, =0.98, ¢=0.029.
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CONCLUSION

In this Paper, we formulated a mathematical model equation of shigella infection with the aid of
system of ordinary differential equations to study the dynamics of shigella infection by incorporating
a vaccinated class (V), educated class (G), exposed class (E), asymptomatic (A) hospitalized class
(H) and Bacteria class (B) with their corresponding parameters. We investigated the existence and
uniqueness of solution for the dynamic system using the Lipchitz condition to ascertain the
effectiveness of the model as well as the positively invariant region of the system. The next
generation matrix approach was used to determine the basic reproduction number R,.The disease

free equilibrium (DFE) was obtained. We also obtained the local and global stability of the disease
free equilibrium. We obtained the numerical solution of the model system in MATLAB. From the
simulation, we observed that the shigella infection persist in the environment with the original
parameter values whose R, =3.8643>1and was eradicated when some of the parameter values

were varied and R, =0.0388<1.
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