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ABSTRACT

A body undergoing a rotational motion under the influence of an attractive force may equally
oscillate vertically about its own six of rotational. The up and down vertical oscillation will certainly
cause the body to possess another different generalized coordinates in addition to the rotating
coordinate. We have shown analytically and qualitatively in this work, the effect of the vertical
oscillating motion of a body caused by the vibrational effect of the attractive central force. The
total energy possess by the body is now the sum of the radial energy and the oscillating energy.
The results show that the total energy is negative and highly attractive via a selected mathematical
model.
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INTRODUCTION

A central force is a conservative force. It is a force directed always toward or away from a fixed
center O, and whose magnitude is a function only of the distance from O. In spherical coordinates,
with O as origin, a central force is given by F = f(r)f. Physically, such a force represents an
attraction if (f(r)>0), from a fixed point located at the origin r = 0. Examples of attractive central
forces are the gravitational force acting on a planet due to the sun. Nuclear forces binding electrons
to an atom undoubtedly have a central character. The force between a proton or an alpha particle
and another nucleus is a repulsive central force. The relevance of the Central — force motion in
the macroscopic and microscopic frames warrants a detailed study of the theoretical mechanics
associated with it. So far, researchers have only considered central — force motion, as motion only
in the translational and rotational plane with coordinates (r,8), for example, see Keplerian orbits
[2,3]. However, the theoretical knowledge advanced by these researchers in line with this type of
motion is scientifically restricted as several possibilities are equally applicable. There exist four
standard formulations of classical mechanics: (i) Isaac Newton’s formulation — Newtonian
mechanics (ii) Lagrange’s formulation — Lagrange’s mechanics (iii) Humalton’s formulation —
Hamiltonian mechanics (iv) De Alambert’s formulation — De Alambertain mechanics. All these
formulations are utilized in the theory of mechanics where applicable. Some of the conditions
satisfied by a body undergoing a Central — force motion is as follows: (i) The motion of the body
can be translational in the elliptical plane with polar coordinates (r,©), (ii) The body can be rotating
and revolving about its own axis in the elliptic plane (r,©), (iii) The body can be translating and
rotating in the elliptical plane (r,©)m at the same time, oscillating up and down about its own axis
(iv) the body can be translating and rotating in the elliptic plane (r,©), at the same time, oscillating
up and down above the axis of rotation but not below the axis of rotation (v) The combination of
any of these conditions form another class of a central — force motion. In order to make the
mechanics of a central — force motion sufficiently meaningful, we have in this work extended the
theory which has only been that of translational and rotational in the elliptical plane with polar
coordinates (r,0), by including spin oscillation.

Under this circumstance, we shall be contending with a total of 6 — generalized coordinates or
degrees of freedom; 2 from the translational and rotational motion in the elliptical plane (r,8), 2
from the orbital spin oscillations (B.a) and 2 from the tangential spin oscillations (u, ).
Consequently, these parameters from the basis of our classical theory of 6 — dimensional motion.

107 |Page



ISSN: 4461 - 4780
Volume 15, Number 2, 2025
International Journal of Applied Science and Engineering

The number of independent ways in which a mechanical system can move without violating any
constraints which may be imposed is called the number of degrees of freedom of the system. The
number of degrees of freedom is the number of quantities which must be specified in order to
determine the velocities of all particles in the system for any motion which does not belated the
constraints [4]. Lagarange’s Equations of Motion for Oscillating Central — Force Field.

There is a single source producing the force that depends only on distance in the theory of central
— force motion and the force law is symmetric [5]. If this is the case, then, there can be no torques
present in the system as there would have to be a preferred axis about which the torques acts. In
this work, we are solving the problem of oscillating central force motion in a resistive non —
symmetric system. That is, the upward displacement is not equal to the downward displacement
in the tangential spin oscillating phase. Consequently, the radii distances from the central point
are not equal. This however, causes torques thereby making the system under study non —
spherically symmetric. Meanwhile, I hereby request the permission of the reader to excuse the
lack of intensive references to the current literature. I don't know of other current authors who
have studied these questions before now. I believe this is the first time this work is under
investigation. This paper is outlined as follows. Section 1, illustrates the basic concept of the work
under study. The mathematical theory is presented in section 2 while in section 3, we present the
analytical discussion of the results obtained.

Mathematical Theory

Evaluation of the velocity and acceleration

We have elaborately shown in (A. 6) , that the position vector r of a body whose motion is
translational and rotational in a plane polar orbit as well as oscillating about a given equilibrium
position in a central — force motion is given by the equation.

r=rf=rf(S,B 10 @)

(2.1)

V=£=E=F+rd_fﬂ d_?%_'_d_fd_u_{_d_Fd_a_'_d_F@
dt ~ dt do dt [dBf dt = du dt da dt = d¢ dt

(2.2)
- . . R R R
acr _ dv dar d dr%_i_ﬂd_ﬂ_'_ﬂd_a_'_ﬁﬂ

+r006+r066(2.3) J

While the symbols appearing in(2.1) — (2.5) have been clearly defined in/the appendix. However,
B is the upper radial orbital oscillating angle and a is the lower radial orbital oscillation angle. Note
that both of them are projections of the tangential oscillating plane onto the orbital elliptical plane.
However, let us disengage the acceleration equation equation in (2.5) with the view that the 5"
and the 8" terms have the elements of angular momentum and the orbital oscillating phases.
Thus,

Equations here

Equation (2.3) is now the new acceleration equation which governs the motion of a body
undergoing central — force motion when the effect of vertical oscillation is added.

V=22=Zcrf4+r =
dt? dt de dt !dﬁ dt du dt da dt d¢ dt

Evaluation of the central — Force Field

In classical mechanics, a central force is a force whose magnitude only depends on the distance
r, of the body from the origin and is directed along. Permit me to write in terms of vector algebra
that

F(r) = f(//r/]) (r;B, @) = f(//r//)r

And with a similar equation for (2.15) in frame II as

2.20 r2d -f(r > & ? tand+2r 2d’cotd) =E,
2.21 Eosc=E1+En

Eosc=r? (U+d)-Jr? (W2 tan p + d?tan d)-2Jr? (P>cot p+d?cot )
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The oscillating energy is a function of the radius vector and it increase negatively as the vertical
oscillating angles are increase. Hence, the oscillating energy possesses by the body in terms of p
and ¢ in the oscillating phase is given by (2.22). This equation determines how energy is
conveyed up and down in the vertical oscillating phase.

Relationship between the velocity and the tangential oscillating angles
To determine the tangential oscillating angles we consider (2.14) and assume possibly that m=0

2.23 (rp+2ry-ry?-tany-2rp?coty) =0
2.24 _ 2r /4r+4rp(tanp+2coty
2r(tanp+2cotp
_2r+V4%+4arc
H="%
2.25

The discriminate of (2.25) is zero provided

r’= -r> g (tan pg+2cot

2.26

|r|=r/u(tanpu + 2coty)

2.27

Similarly, by following the same algebraic procedure for (2.25), we obtain

® =2r+2r \/(1 +Z §(tand + 2cotd))

2.28

And Ir|=r/d(tand + 2cotd)

2.29

Thus the radial velocity is directly proportional to the radius vector and directly proportional to the
square root of the vertical oscillating angles. The radian velocity decrease as the vertical spin
oscillating angles is increase.

Evaluation of the lagrange’s equations of motion

From equation (2.3) we realize that the kinetic energy T of the body can be written as
1

T=5mv2=%m(r2+r262[32+r2 |J2+r202+r2d)2)
2.30
L=T-V(r)
2.31
doL oL
dt & dqx
af o 3
(2.32) E(ﬁ T — V(r))) = 3o (T-v(@E)=0
(2.33)
d (0T av(r) oT ov(r) _
E(@_ aq )_@ aak =0
ad _ (@) _ av
(2.39) @(V(r) =0 aqk  dqk
2.35
d ((’)T) oT +dV(r) _ 0
dt\aqk) dqk =~ dqk
2.36

gk= (rl el BI M, G, Cb) ’ qk:(f' 6.8 i} al®)
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(2.37)

Where q « are the generalized coordinates, q « are the associated velocity counterparts, oL|dqx
generalized velocity, dL|dqx generalized momentum. Remember that the only requirement for the
generalized coordinate is that they span the space of the motion and be linearly independent.
Since the force is radially symmetric, let us evaluate (2.36) first with respect to the generalized
coordinate

Q=r

Then the language’s equation of the motion is

d . . . dv(r)
_ _ 2 2 -2 ) 2 —
dt(mr) mr(®+ﬁ+y+a+®)+ I 0
(2.38)
- (mr ) — mr(O%+f%+ 2+ a2+0?)-f(r)=0
2.39
Also from (2.36), since L and V(r) are not functions of the generalized coordinate qx, then we have
oT _av(r)_
gk dgk
2.40

And as a result (2.36) becomes

w Ga=o

2.41
Hence, after some straightforward algebra we obtain the following generalized momenta.
d 24\ . 2 _ . o1
E(mr 6)=0 ’ (mr®) =1 ’ Q—E
2.42
a = - 25} = - =L
= (mr2p)=0 ;o (meg) =1 R
2.43
i 20— . 2.\ . .1
Z(mr)=0 ; (mréf)=1 ; p=—
2.44
A2 — . 2\ . _ L
dt(mr a)=0 ; (mréa)=1 ; a=—
2.45
2 mr2d= - 2 5= - H=_L
dt(mr ¢=0 ; (mr2g=1 ; (2)-mr2
2.46

The canonical set of equation given by (2.42) — (2.46) are referred to as the Laguages equation
of motion for the body of mass m. Suppose we now replace (2.42) — (2..46) into (2.39) so that

we realize
1 1
S —mr(c 2 2 ) f(r) = 0

m2r4 m2r4 m2r4 m2r4 m2r4

(2.47)

%(mr) - 5mr($)2 —f(r)=20
(2.48)

d 51

Smr) === — f(r) =0
(2.49)

d

n (mr)r — — 7 —f(r)r=
(2.50)

d(mr?) — % dr — f(r)dr = 0dt
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(2.51)
d % mr2 —% %— f(r)dr = 0dt
2.52
32 (3 mr2) + 22— f(r)dr =E
S mr Py f (r)dr = Er
(2.53)

Equation (2.53) gives the radial energy possess by the body as it oscillates tangentially and
translates rationally round the central point. The equation provides the enrgy of the body in terms
of the translational radial velocity, the angular momentum and the radial force. The reader iis
directed to (A.22) I, where the factor of half which appears in (2.52) is discussed. However, for a
conservative field

V(r) = -Sf(r)dr

(2.54)
\/%(E -V - 2151152)
(2.55)
From which
2=22(E-V (@) - 2r2)
(2.56)

It is evident from (2.55) that the translational radial velocity of the body depends only upon the
radius vector. This course defines the third property of central force motion. The translational
radial velocity is determined by the energy as a constant of the motion, the effective potential and
the angular momentum.

Therefore, the total energy E: possess by the body is now the sum of the radial energy Et and
the oscillating energy Eosc

1 512
Et = (E mr2) + mrs Sf(T')dT +
(2.57)

R2 (u+ @) — Sr? (u2tanpu + 02 tan® ) -2 Sr? (u2 cotu + @2 cot® )
(2.58)

Computational dynamics

Let us consider the rotational motion of a body of mass m about a fixed origin say, O, in an elliptical
polar coordinates (r, @) system. Suppose the body is also oscillating up and down about its
equilibrium position as it translates rotationally round the fixed origin. The body thus possesses
translational and rotational elliptical motion with polar coordinates (r, @) and tangential spin
oscillating motion described by the vertical displacement

C» D —» C —B -6and repeatedly in the y-direction. The geometry of the analytical
requirements is shown in fig. A. 1.

The reader should take note that the oscillation of the body is not entirely out of the elliptical orbit
of rotation. Rather the displacement D and B above and below Cis very small. The oscillation is
still within the limits of the axis of rotation C. We have only decided to stretch D and B above
considerably enough in order to reveal the geometrical concept required for the analytical required
for the analytical calculation.

There are six possible degree of freedom of generalized coordinates exhibited by the motion body
under this circumstance: (i) translational and rotational in the elliptical plane (r, 0), (ii) the plane
of upward oscillations (B.u) and (iii) the plane of downward oscillations (a,2).

We shall compute separately the tangential spin oscillating motions in both oscillating frames and
eventually combine the result with the orbital elliptical plane motion. In this study, we assume that
the angular displacement in the tangential spin oscillating frames is not equal and so the system
under study is not radially symmetric. Consequently, there is the existence of torque due to the
non-uniformity of the radii distances. Accordingly, we can now develop relationship between the
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various areas indicated on fig. A.1, with the goal to the formula for the area swept out by the
elliptical plane polar motion, and the result obtain from this is then added to the tangential
oscillating triangle sections DOC and COB respectively. From the figure, p and Q are small upward
and downward displacement from the equilibrium axis of rotation C, that is regions in the upper
and lower triangular swept segments of the upper and lower ellition of plane. Our first task would
be to connect all these oscillating spin angular degrees of freedom into an expression in terms of
P and Q. For clarity of purpose, let us define the various symbols which we may encounter in our
calculation:(i) the elliptical radius r (ii) the plane of upward oscillations (B,U), that is subtended
from the upper elliptical plane (iii) the plane of downward oscillation (a, ©), that is subtended from
the bottom or the lower part of the elliptical plane (iv) the elliptical orbital angle © (vi) the upper
tangential oscillating spin angle u (v) the lower tangential oscillation spin angle o (vi) the and lower
orbitals spin oscillating angle B and a

Fig. A.1 represent the elliptical and oscillating motion of a lp\dy in a central-force field. The body
is oscillating up and down about the axis of rotation C. where DOC (frame |) and COB (frame
11) are the upper and lower projections onto the plane of

the ellipge, lthe DC (P) and CB (Q) are very small displacement from the axis C, we have only
stretched them to make the geometry of the figure clear enough for the calculation. However, B
is the upper orbital oscillating angle and a is the lower orbital oscillating angle. Note that both of
them are projections of the tangential oscillating plane onto the orbital plane of the ellipse.

In frame 1: we obtain from AO0C

ri = r cosec P =rysin B =rsin B cosec
(A.1)
In frame ii: we obtain from AOB

= r cosec @ n Q = sina = rsin a cosec @
(A2)

In the orbital planes of rotational and translational motion, the position vector r- of the body is
giving by
r=XxXi=rcosfi
(A3)
However, the combination of the rotational and translational motion, with the vertical spin
oscillating frame (acting in the y-direction), will yield
R=xi+yj=xi+Pj+Qj'!=r(cos© i+ sinBcosecj+sinacosecOij')(A.4)

F=—= (cosOi + sinficosecuj T +sinacosec®j 1)
A5

r=r=r+ (6, B, ¥, a, P)
A.6
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0 === -sinBi ; g= -cos@i= -
A7 B=g—;=cosﬁcosecm ;
g= -sinBcosecujT=ﬂ (—sinBcosecyj T) (A.8)
g§ zs;l; (—cosBcosecuj 1)
A9
L oF . .
A=3,= -sinfcosecyj T
A.10
a—“=sinBsin;u:osec2|.1 jT +2sinBucosec? y jt
‘;Z EOZ“ 2%sin(sinBsinucosec?y j1 )+2cotu(sinBcospcosec?  j1) A.12
‘;Z z;’;’; (sinBcosucosec? j1) +2cotu(sinBcospcosec? p jt A.13
a—ﬁ -tanp pu-2coty
A.14
._ 07 _ . 60(__ . . _cosa, .
a—a—COSaCOSGCCb il ; P smacosecejl—wsa( sinacosec®jl)
A.15
(A.16) )
@——;=-Sinacos®cosc2(bj
(A.17) % = sin a sin @ cose? @ j + 2sin a cos @ cot @ cosce? @ j
(A18)
30 _ cosp . - 2 4 : 2
30" 050 (sinasin @ cose? @ j ) + 2cot @ (sin a cos @ cose? @ j
(A.19) g zinz (sin a cos @ cose? @ j) + 2cot @ (sin a cos @ cose? @ j
(A.20) %=- tan @ @ - 2cot @ @
(A.21)

DISCUSSION OF RESULTS

The oscillating energy E osc is made up of three independent generalized coordinates and two
major parts. The first part is the vertical spin oscillating velocities which is perpendicular to the
direction of the radius vector. The second part in (2.22) is the unbounded oscillating phase. The
unrestricted nature of the integrals of Eosc, means that the oscillating phase has several
possibilities of oscillation. However, the second term of Eosc increases as the vertical spin
oscillating angles is increased. Whereas, the third term decreased as the vertical spin oscillating
angles is increased. The total energy Et comprises of the redial and the oscillating part. The angular
momentum part Et has the higher appreciable value compared to the usual equation of central-
force motion and a negative effective potential. The last integrand of Et becomes negatively small
and negligible as the vertical spin oscillating angles is increased.

CONCLUSION

In general, we have in this study solved the problem of the motion of the body in a plane polar
coordinate system that is subject to a central attractive force which is known and, in addition, a
drag oscillating force which acts tangentially. The oscillating energy Eosc which determines how
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energy is conveyed up and down in the oscillating phase is relatively determine by the vertical spin
oscillating angles. The new force law now comprises of the radial and the tangential oscillating
parts which reduces the strength of the attractive central force field. The knowledge of this type
of central force motion which we have investigated in this work can be extended from plane pole
coordinates system that of spherical and cylindrical polar coordinates system.
Lagrange’s Equations of Motion for oscillating Central-Force Field
We also know from the rule of differentiation that
mEeD)=mior)=m@r+r%) =m@2rd)=m Q%) = L dmr2)

dt dt dt dt dt dt dt *2
Hence, in order to remove the fact of 12 which appears in (A.22), usually a factor of half is
introduced and that ends the relationship.
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